Abstract. In this paper we obtain new formulae for short and microscopic parts of the Hardy-Littlewood integral, and the first asymptotic formula for the sixth order expression |ζ(
Introduction
Let us remind that Hardy and Littlewood started to study the following integral in 1918 We have shown in the paper [8] that except the asymptotic formula (1.3) possessing an unbounded error there is an infinite family of other asymptotic representations of the Hardy-Littlewood integral (1.1). Each member of this family is an almost exact representation of the integral (1.1). Namely, the following formula We obtain new properties of the signal (1.2) generated by the Riemann zetafunction. Namely:
(A) We obtain the multiplicative asymptotic formula
in the parts 2-7 of this paper. The application on microscopic (0 < U < 1) and short (1 ≤ U < T 1/3+2ǫ ) parts of the Hardy-Littlewood integral (1.1) is the main aim of this formula. (B) We also obtain, in the parts 8 -10 of this work, the formula
where U 1 = T 7/8+2ǫ , ϕ 1 (t) = 1 2 ϕ(t). This formula is the first integral asymptotic formula in the theory of the Riemann zeta-function for the sixth-order expression ζ
(C) In the part 11 of this work the following property, for example, is noticed: the Jacob's ladder ϕ 1 is the asymptotic solution of the nonlinear integral equation
is the Chebyshev polynomial of the first kind, i.e. the following asymptotic formula
2. Necessity of a new expression for the short and the microscopic parts of the Hardy-Littlewood integral
The Balasubramanian's formula
where c is the Euler's constant. Furthermore, let us remind the Heath-Brown's estimate (see [5] , (7.20) , p. 178) Page 2 of 16
(for the definition of used symbols see [5] , (7.21)-(7.23)), uniformly for In this paper we present a new method how to deal with short and microscopic parts (2.4)
of the Hardy-Littlewood integral (1.1). In order to attain this goal we will use only elementary geometric properties of the Jacob's ladders. The basic idea is expressed in the following theorem.
where α = α(T, U ) is the angle of the chord of the curve y = 3. A geometric criterion for validity of the usual mean-value theorem 3.1. First of all we will show the canonical equivalence that follows from (2.5). Let us remind (see [8] , (8. 3)) that we call the chord binding the points
ò of the Jacob's ladder y = 1 2 ϕ(T ) the fundamental chord. By comparison of the formulae (2.1) and (2.5), U = U 0 , we obtain the following asymptotic formula
Definition. The chord binding the points
which fulfills the property
) is called the almost parallel chord to the fundamental chord. This property will be denoted by the symbol .
Remark 2. Wee see that the analytic property
(the usual mean-value theorem) is equivalent to the geometric property of the Jacob's ladder y = 
Then we obtain from Theorem 1 
where α is the angle of the rotating chord binding the points [γ,
B) continuum of the formulae for the chords parallel to the chord given by the points (4.1)
Remark 4. The notion microscopic parts of the Hardy-Littlewood integral has its natural origin in the following: by Karatsuba's selbergian estimate (see [6] , p. 265) for almost all intervals [γ,
Remark 5. In connection with (4.4) we can remind that if the Riemann hypothesis is true then the Littlewood's estimate takes place (see [7] ) 
(it is sufficient to use the classical Hardy-Littlewood's estimate for the distance between the neighbouring zeroes, [2] , pp. 125, 177-184). Consequently
For the chord binding the points
The continuous curve y = 
where α = α(γ, U ) is the angle of the rotating chord binding the points [γ, 
Remark 6. For example, in the case α = π/6 we have from (5.4)
for every sufficiently big zero T = γ of the function ζ( 6. An estimate for Φ ′′ ϕϕ [ϕ(T )] Let us remind (see [8] , (3.5), (3.9)) that
The following lemma is true.
uniformly with respect to a.
Remark 8. The segment [7, 8] is sufficient to our purpose since the continuum of Jacob's ladders corresponds to this segment.
Proof. First of all we have (see (6.2))
We apply the following elementary facts 6) and the Hardy-Littlewood formula (1.3). We have
by (1.3), (6.6) and (see (6.5)) (6.8)
Finally, we obtain (6.3) from (6.4) by (6.7), (6.8).
Proof of Theorem 1
By (6.1) we have
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by (3.2), (7.1). Hence, by the comparison of the formulae (2.1) and (7.2) we obtain
Next, from the formula (see [8] , (6.2))
we obtain
and subsequently (see (6. 3)
by (7.3), (7.6). Finally, (2.5) follows from (7.1), (7.7).
Remark 9. Similarly to (7.6) we have
, and obtain (see (6.1), (7.7), (7.8)) (7.9) Z 2 (t) = 1 2
8. The integral asymptotic formula that contains the expression of the sixth order |ζ(
Let us remind that Hardy and Littlewood started to study the following integral in 1926
and they derived the following estimate (see [3] , pp. 41,59; [10] , p. 124)
In 1926 Ingham derived the asymptotic formula Page 8 of 16
(see [4] , p. 277, [10] , p. 129). Let us remind, finally, the Ingham -Heath-Brown formula (see [5] , p. 129)
which improves the Ingham formula (8.1), (the small improvements of the exponents 1/3 and 7/8, see (2.1), (8.2) are irrelevant for our purpose).
In this direction, the following theorem holds true.
Theorem 2.
and the distance of the interaction of the functions
c is the Euler's constant and π(t) is the prime-counting function.
Remark 10. The formula (8.3) is the first integral asymptotic formula in the theory of the Riemann zeta-function for the sixth-order expression ζ
This formula cannot be obtained by the methods of Balasubramanian, Heath-Brown and Ivic.
Since (see (8.4))
and consequently
where ρ denotes the distance of the corresponding segments. Next, by using the mean-value theorem in (8.3), we obtain Page 9 of 16 Corollary 5.
Remark 11. Some nonlocal interaction of the functions
is expressed by the formula (8.6 ). This interaction is connected with two segments unboundedly receding each from other (see (8.5) ; ρ → ∞ as T → ∞) -like mutually receding galaxies in the Friedman's expanding Universe.
Remark 12. Since T ∼ ω, ω ∈ (T, T + U 1 ) then from (8.6) we obtain
i.e. we have the prediction of the values |ζ(1/2+iω)|, ω ∈ (T, T +U ) by means of the values |ζ(1/2 + iϕ 1 (ω))| corresponding to the argument ϕ 1 (ω) ∈ (ϕ 1 (T ), ϕ 1 (T + U )) which descend from the very deep past (see (8.5) , (8.7)) and -vice versa.
9. Contact point of |ζ 
(see (6.1), (7.7), (7.8)). The following lemma holds true (see (9.1)) Lemma 2. For every integrable function (in the Lebesgue sense) f (x), x ∈ [ϕ 1 (T ), ϕ 1 (T + U )] the following is true
where (9.5)
Next, the following lemma holds true. 6) and
Proof. By using the mean-value theorem on the left-hand side of (9.3) we directly obtain (9.6), (see (9.2) ). If we make use of the mean-value theorem on the left-hand side of (9.5) we obtain, by (9.2),
where
. Next, we obtain from (9.4) by (9.9) (t 1 → ∞ ⇔ T → ∞) (9.10)
i.e.
(9.11)
and (see (9.10), (9.11)) Page 11 of 16 (9.12)
where U ≤ T ln T by the condition of the Lemma 4. Now, (see (9.12)) (9.13) ln
Then the formula (9.7) follows from (9.8) by (9.1), (9.13).
Proof of Theorem 2
10.1. Putting
into (9.6) we obtain (10.1)
i.e. we have to consider the integral (see (8.2))
and, for example, Since (see (10.6))
we have (see (9.4); ϕ 1 (T ) ∼ T ) ln ϕ 1 (d 0 ) = ln ϕ 1 (T ) + ln 11. Jacob's ladders and a new class of the nonlinear integral equations; concluding remarks 11.1. The proof of the Theorem 2 is simultaneously the proof of the following theorem.
Theorem 3. Every Jacob's ladder ϕ 1 (t) = I would like to thank Ekatherina Karatsuba and Michal Demetrian for their moral support of my study of the Jacob's ladders.
